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kedd-package Kernel Estimator and Bandwidth Selection for Density and Its Deriva-
tives
Description

Kernel smoothing of a univariate density f and of its r-th derivative f("):

)y L - n(r—=Xi
h (@) nh"“;K < A

with S4 classes, ggplot2 graphics and Rcpp/OpenMP data-driven bandwidth selectors.
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Details

n on

Kernels. Every function accepts kernel as one of "gaussian”, "epanechnikov”, "uniform”,

"triangular”, "biweight”, "triweight"”, "tricube”, "cosine”, "silverman”, "logistic”,
or a member "pow(s,t)" of the power family K (x) = ¢ (1 — |x[*)"1 ;<1 (see kernel.pow).
Maximum derivative order r for each kernel (see the section below).

Bandwidth selectors (S4 class bandwidth):

h.amise asymptotic MISE (normal reference)

h.ucv unbiased (least-squares) cross-validation
h.bcv biased cross-validation (BCV1, BCV2)
h.ccv complete cross-validation

h.mcv modified cross-validation

h.tcv trimmed cross-validation

h.scv smoothed cross-validation (Gaussian)

h

.mlcv  maximum-likelihood cross-validation

Estimation and kernels: dkde (S4 class dkde), kernel. fun (K(T), class kfun), kernel.conv
(K % K class kconv). All classes have show() and ggplot2-based plot () methods; Llines()
on a bandwidth object returns a layer to add with +.

Parallelism: the O(n?) criteria run in C++ with OpenMP. The nthreads argument sets the threads
of each call: @ (default) = all processors, k > @ = k threads, capped by OMP_THREAD_LIMIT; it does
not change results nor later calls. Cpp_omp_threads(nthreads) reports the threads actually used.

Data: five samples of size 200 from Marron and Wand (1992) normal mixtures, kurtotic, outlier,
bimodal, trimodal and claw (see kedd-data).

Source code and bug reports: https://github.com/ac-guidoum/kedd and https://github.
com/ac-guidoum/kedd/issues.

Documentation: a worked introduction is given in vignette("kedd", package = "kedd"), and
demonstrations in demo("kedd"), demo("kernels"”) and demo("bandwidths").

Maximum derivative order

Highest derivative order 7 (deriv.order) for each kernel. Column 2: K (") is not identically zero
(kernel.fun, kernel.conv, dkde); above it these functions return zero. Columns 3 to 5: the
selector criterion is finite; above it the selectors return h = NA with a warning. "any" means no limit
and "-" means not available, even at r = 0.

kernel kernel.fun, kernel.conv, dkde UCY, BCV, TCYV, AMISE MCV
gaussian any any any
cosine any 1 0
silverman any any any
logistic 20 8 8
epanechnikov 2 1 0
uniform 0 0 -
triangular 1 0 -
biweight 4 2 1


https://github.com/ac-guidoum/kedd
https://github.com/ac-guidoum/kedd/issues
https://github.com/ac-guidoum/kedd/issues
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triweight 6 3 2 1
tricube 9 3 2 1
pow(s,t) min(st, 16) min(r*, 6) min(r* —1,6) min(r* — 2,6)

For pow(s,t), st applies when s and ¢ are integers (16 otherwise), and r* is the largest integer
r < t+ 1/2, with 2r < st when s and ¢ are integers and r < s + 1/2 when s is not an even
integer. For example pow(2,3): 6,3, 2, 1; pow(2,8): 16,6, 6, 6; pow(1.5,2.5): 16,1,0,—. h.scv
(Gaussian kernel) has no limit and h.mlcv is for » = 0 only.

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz> (author, maintainer), Amel Henider <amel . henider@univ-tam. dz
(author), lago Giné-Vazquez <iago.gin-vaz@protonmail.com> (contributor).

References

Guidoum, A. C. (2020). Kernel estimator and bandwidth selection for density and its derivatives:
the kedd package. arXiv:2012.06102.

Marron, J. S. and Wand, M. P. (1992). Exact mean integrated squared error. The Annals of Statistics,
20, 712-736.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.

See Also

dkde, kernel. fun, kernel.conv, kernel.pow, h.ucv, h.scv, bandwidth, kedd-data, vignette("kedd"),
citation("kedd").

Examples

x <= rnorm(150)

bw <- h.ucv(x, kernel = "biweight")

bw

plot(dkde(data = x, h = bweh, kernel = "biweight"))

## logistic and power kernels

h.bcv(x, whichbcv = 2, kernel = "logistic")
h.bcv(x, whichbcv = 2, kernel = kernel.pow(2, 4))
bandwidth-class Class "bandwidth” — Result of Bandwidth Selection

Description

An S4 class returned by all bandwidth selector functions in kedd (h.ucv, h.bcv, h.ccv, h.mcv,
h.tcv, h.scv, h.amise, h.mlcv). It stores the selected bandwidth together with the data, kernel,
derivative order, and optimisation details.
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Objects from the Class

Objects are created by calls to the bandwidth selector functions, or directly with new("bandwidth”,

D).

Slots

data: Object of class "numeric”. The (cleaned) data vector.

kernel: Object of class "character”. Name of the kernel function used (one of "gaussian”,
"epanechnikov”, "triangular”, "biweight"”, "uniform”, "triweight”, "tricube”, "cosine”,
"silverman”, "logistic” or "pow(s,t)").

deriv.order: Object of class "integer". Derivative order r > 0.
h: Object of class "numeric". The selected bandwidth.

min.obj: Object of class "numeric"”. The minimum value of the cross-validation (or other) crite-
rion at h. NA for h.amise.

hos: Object of class "numeric”. The over-smoothing bandwidth h,; the default search interval is
[0.01 hos, 2 hos)-

method: Object of class "character"”. The selector used: one of "UCV", "BCV1", "BCV2", "CCV",
”MCV”, ”TCV”, ”SCV", ”AMISE”, ”MLCV”.

Methods

show(object) Prints a compact summary: method, kernel, derivative order, selected bandwidth,
minimum criterion.

plot(x, h=NULL, type="0", n.points =100L, log_scale_x = FALSE, show.min = TRUE, show.hos = FALSE, ...

Draws the cross-validation curve over a grid of bandwidths with ggplot2 and marks the se-
lected h. Returns invisibly a list with h, cv and the ggplot object plot. Not available for
"AMISE" (closed-form rule, no criterion).

lines(x, n.points =100L, color, linewidth, linetype, ...) Returnsaggplot2::geom_line()
layer with the curve of x, to be added to a plot: plot(bw1)$plot + lines(bw2).

x$name Compatibility with kedd 1.x, where the selectors returned a list: bw$h is bw@h, and $ also
accepts the slot names, x (the data), n and the 1.x names min.ucv, min.bcv, ... (the slot
min.ob3j). Unknown names give NULL.

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

See Also

h.ucv, h.bcv, h.ccv, h.mcv, h.tcv, h.scv, h.amise, h.mlcv, dkde.

Examples

X <= rnorm(100)

bw <- h.ucv(x, deriv.order = @)
show(bw)

p <- plot(bw)
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## overlay a second criterion (ggplot2 layer)
p$plot + lines(h.bcv(x), color = "darkred")

dkde Kernel Density Derivative Estimator

Description

Computes the r’th derivative of a kernel density estimator at a grid of evaluation points. For
deriv.order = 0 this reduces to an ordinary kernel density estimate.

Usage
dkde(x = NULL, data, h, deriv.order = oL,
kernel = "gaussian"”, nthreads = 0L)
Arguments
X numeric vector of evaluation points. If NULL (default), a regular grid of 512
points spanning [min(data) — 3h, max(data) + 3h] is used.
data numeric vector of observations.
h positive bandwidth scalar. If missing, the UCV bandwidth h.ucv(data, deriv.order,

kernel) is used.

deriv.order non-negative integer: derivative order . Maximum 7 with K" # 0: any
for Gaussian, cosine and Silverman; logistic 20; Epanechnikov 2; uniform 0;
triangular 1; biweight 4; triweight 6; tricube 9; pow(s, t) min(st, 16). When
h is missing it is chosen by h.ucv, whose limits are lower (see kedd-package,
section ‘Maximum derivative order’).

kernel character string giving the kernel; one of "gaussian” (default), "epanechnikov”,
"uniform”, "triangular”, "biweight"”, "triweight", "tricube”, "cosine”,

>

"silverman”, "logistic"”, or a power kernel "pow(s,t)" (see kernel.pow).
nthreads number of OpenMP threads for this call: @ (default) = all processors, k >0 =

k threads, both capped by the environment variable OMP_THREAD_LIMIT. The

result does not depend on it, and it never changes the threads used by later calls.

Details

The r’th derivative kernel density estimator is:

Oy - L NS g (22X
h(x)_nhrHZKT( h

i=1

where K (") (z) = d" K (z)/dz" (see kernel. fun).

Theoretical properties (Bhattacharya 1967; Schuster 1969):
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* Bias: E[f,gr)(x)] — f0)(z) = %MQ(K) FU+D (2) + o(h?)
« Variance: Var[f\" (z)] = %ﬁﬁm) + o(1/(n h2+1))

The AMISE-optimal bandwidth is of order n~/(2"+5) 5o higher derivatives require larger band-
widths.

The AMISE is: ") )
sy RIK™)  p3(K)
AMISE(fy) = — o + 72

where R(K(") = [(K)?dz and pz(K) = [ 22K () dz.

W R(f7)

Value

An S4 object of class dkde with slots x (evaluation points), y (estimates f}(f)(:zz,;)), h, kernel,
deriv.order, n, data and call. Use show() for a summary and plot() for a ggplot2 graphic.

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

References

Bhattacharya, P. K. (1967). Estimation of a probability density function and its derivatives. Sankhya:
The Indian Journal of Statistics, Series A, 29, 373-382.

Radhey, S. S. (1987). MISE of kernel estimates of a density and its derivatives. Statistics and
Probability Letters, 5, 153—-159.

Schuster, E. F. (1969). Estimation of a probability density function and its derivatives. The Annals
of Mathematical Statistics, 40(4), 1187-1195.

Scott, D. W. (1992). Multivariate Density Estimation. Theory, Practice and Visualization. New
York: Wiley.

Silverman, B. W. (1986). Density Estimation for Statistics and Data Analysis. Chapman & Hall/CRC.
London.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.
Hirdle, W. (1991). Smoothing Techniques, With Implementation in S. Springer-Verlag, New York.

See Also

kernel.fun, h.ucv, h.bcv, h.amise, density (for » = 0).

Examples

x <= rnorm(100)

## density (r = @) with automatic UCV bandwidth
est® <- dkde(data = x, deriv.order = 0)

esto

plot(est@)
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## first derivative (r = 1)
est1 <- dkde(data = x, deriv.order = 1)
plot(est1)

## fixed bandwidth, other kernels; slots are accessed with @

est2 <- dkde(data = x, h = 0.5, kernel = "epanechnikov")

head(cbind(x = est2@x, y = est2@y))

plot(dkde(data = x, h = 0.6, kernel = kernel.pow(2, 3)), rug = FALSE)

h.amise AMISE Reference (Maximal Smoothing) Bandwidth

Description

Computes the reference bandwidth h,s for the r’th derivative of a kernel density estimator: the
AMISE-optimal bandwidth in which R(f("+2)) is replaced by the value given by the maximal
smoothing principle of Terrell (1990). For r = 0 it is the oversmoothed bandwidth, an upper bound
for the optimal one. Returns an S4 object of class bandwidth.

Usage
h.amise(x, deriv.order = 0L, kernel = "gaussian")
Arguments
X numeric vector of data values.
deriv.order non-negative integer: derivative order r. Maximum 7 for this selector: any
for Gaussian and Silverman; cosine 1; logistic 8; Epanechnikov 1; uniform 0;
triangular 0; biweight 2; triweight 3; tricube 3; pow(s, t) min(r*, 6), where r*
is the largest integer » < t 4+ 1/2 (and r < s + 1/2 if s is not an even integer,
and 2r < st if s and t are integers). Above it h = NA is returned with a warning.
See kedd-package, section ‘Maximum derivative order’.
kernel character string giving the kernel; one of "gaussian” (default), "epanechnikov”,
"uniform”, "triangular”, "biweight"”, "triweight", "tricube”, "cosine”,
"silverman”, "logistic”, or a power kernel "pow(s,t)" (see kernel.pow).
Details

The AMISE of the r’th derivative estimator is (Scott 1992, p.\,131):

RIKM) | p3(K)

AMISE(h;r) = T 4

h4 R (f(r+2))
The minimising bandwidth is:

B = (2r + 1) R(K™) ) n—1/(2r+5)
T L3(K) R(fr+2)
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R(f("*2)) is replaced by 35/(243 6" +5) (maximal smoothing principle, Terrell 1990), where & is
the sample standard deviation, which gives

243 (2r + 1) R(K(M)1"/

35u3(K)n

hos = 0
The same value bounds the search interval of the cross-validation selectors ([0.01 hys, 2 hos))-

No optimisation is performed; the result is computed directly. R(K") = [ K" ()2 dz, p2(K) =
[ 2?K (z) dz.

Value

An S4 object of class bandwidth with slots:

data the (cleaned) data vector.

kernel name of the kernel used.
deriv.order derivative order r.

h reference bandwidth h,.

min.obj NA (no minimisation is performed).
hos same as h (the reference bandwidth).

method "AMISE".

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

References

Radhey, S. S. (1987). MISE of kernel estimates of a density and its derivatives. Statistics and
Probability Letters, 5, 153—159.

Scott, D. W. (1992). Multivariate Density Estimation. Theory, Practice and Visualization. New
York: Wiley.

Silverman, B. W. (1986). Density Estimation for Statistics and Data Analysis. Chapman & Hall/CRC.
London.

Terrell, G. R. (1990). The maximal smoothing principle in density estimation. Journal of the
American Statistical Association, 85, 470-477.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.

See Also

bandwidth, h.ucv, h.bcv, h.ccv, h.mcv, h.tcv, h.scv, h.mlcv, dkde.
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Examples

x <= rnorm(100)

h.bcv

## density (r = 0)

bwd <- h.amise(x, deriv.order

show (bw@)

)

## first derivative (r = 1)

bwl <- h.amise(x, deriv.order

show(bw1)

»

## other kernels on a Marron-Wand sample
h.amise(kurtotic, kernel = "logistic")
h.amise(kurtotic, kernel = kernel.pow(2, 4))

h.bcv

Biased Cross-Validation for Bandwidth Selection

Description

Computes the biased cross-validation bandwidth selector (BCV1 or BCV2) of the r’th derivative of
a kernel density estimator (one-dimensional). Returns an S4 object of class bandwidth.

Usage
h.bcv(x, whichbcv = 1L, deriv.order = 0L, kernel = "gaussian",
lower, upper, tol, nthreads = QL)
Arguments
X numeric vector of data values.
whichbcv integer: 1 for BCV1 (Scott and Terrell 1987, default) or 2 for BCV2 (Jones and

deriv.order

kernel

lower, upper
tol

nthreads

Kappenman 1991).

non-negative integer: derivative order r. Maximum r for this selector: any
for Gaussian and Silverman; cosine 1; logistic 8; Epanechnikov 1; uniform 0;
triangular 0; biweight 2; triweight 3; tricube 3; pow(s, t) min(r*, 6), where r*
is the largest integer » < t + 1/2 (and r < s 4+ 1/2if s is not an even integer,
and 2r < st if s and ¢ are integers). Above it h = NA is returned with a warning.
See kedd-package, section ‘Maximum derivative order’.

character string giving the kernel; one of "gaussian” (default), "epanechnikov”,

"uniform”, "triangular”, "biweight"”, "triweight", "tricube”, "cosine",
"silverman”, "logistic"”, or a power kernel "pow(s,t)" (see kernel.pow).

bounds of the search interval. Defaults to [0.01 * hos, 2 * hos].

convergence tolerance for optimize. Default .01 * lower (after validation of
lower).

number of OpenMP threads for this call: @ (default) = all processors, k >0 =
k threads, both capped by the environment variable OMP_THREAD_LIMIT. The
result does not depend on it, and it never changes the threads used by later calls.
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Details
Let
A , X; —X;
6o = ST g (K
i=1 j#i
and

) = STy wen (K

i=1 j#i
BCV1 (Scott and Terrell 1987) minimises:

R K(r) 2 K R
BCV1(h;r) = n§L2T+1) + “Qi ) O,12(h)

BCV2 (Jones and Kappenman 1991) minimises:

R(K™)  p3(K)
nh2rt+1 4

BCOV2(h;r) = h* 0, 5(h)

where K(") % K() is the convolution of the r’th kernel derivative (see kernel . conv, kernel. fun),
R(KM) = [ K" (2)?dz, po(K) = [22K(x) dz.

The search is bounded by the over-smoothing bandwidth hos (Terrell and Scott 1985; Scott 1992,
p-\,165; Wand and Jones 1995, p.\,61).

Value

An S4 object of class bandwidth with slots:

data the (cleaned) data vector.

kernel name of the kernel used.
deriv.order derivative order 7.

h selected bandwidth.

min.obj minimum BCV value.

hos over-smoothing bandwidth (upper bound).

method "BCV1" or "BCV2".

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>
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References

Jones, M. C. and Kappenman, R. F. (1991). On a class of kernel density estimate bandwidth selec-
tors. Scandinavian Journal of Statistics, 19, 337-349.

Peter, H. and Marron, J. S. (1987). Estimation of integrated squared density derivatives. Statistics
and Probability Letters, 6, 109-115.

Scott, D. W. and Terrell, G. R. (1987). Biased and unbiased cross-validation in density estimation.
Journal of the American Statistical Association, 82, 1131-1146.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.
Hérdle, W. (1991). Smoothing Techniques, With Implementation in S. Springer-Verlag, New York.

See Also

bandwidth, h.ucv, h.ccv, h.mcv, h.tcv, h.scv, h.amise, kernel.conv, kernel. fun, dkde.

Examples

X <= rnorm(100)

## BCV1, density (r = 0)
bwl <- h.bcv(x, whichbcv = 1, deriv.order
show(bw1)

)

## BCV2, first derivative (r = 1)

bw2 <- h.bcv(x, whichbcv = 2, deriv.order = 1)
show(bw2)

plot(bw2)

## other kernels on a Marron-Wand sample

h.bcv(bimodal, kernel = "logistic")

h.bcv(bimodal, whichbcv = 2, kernel = kernel.pow(2, 4))

h.ccv Complete Cross-Validation for Bandwidth Selection

Description

Computes the complete cross-validation bandwidth selector of the r’th derivative of a kernel density
estimator (one-dimensional). Returns an S4 object of class bandwidth.

Usage

"gaussian”,
oL)

h.ccv(x, deriv.order = 0L, kernel
lower, upper, tol, nthreads
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Arguments

X

deriv.order

kernel

lower, upper
tol

nthreads

Details

13

numeric vector of data values.

non-negative integer: derivative order 7. CCV uses K ("*t2), so the maximum r
is: any for Gaussian and Silverman; logistic 8; biweight 0; triweight 1; tricube
L; pow(s,t) min(r* — 2,6) (see h.ucv for r*); not available for uniform, tri-
angular, Epanechnikov and cosine. Above it h = NA is returned with a warning.
See kedd-package, section ‘Maximum derivative order’.

character string giving the kernel; one of "gaussian” (default), "epanechnikov”,
"uniform”, "triangular”, "biweight"”, "triweight"”, "tricube”, "cosine”,
"silverman”, "logistic”, or a power kernel "pow(s,t)" (see kernel.pow).

bounds of the search interval. Defaults to [0.01 * hos, 2 * hos].

convergence tolerance for optimize. Default @.01 * lower (after validation of
lower).

number of OpenMP threads for this call: @ (default) = all processors, k >0 =
k threads, both capped by the environment variable OMP_THREAD_LIMIT. The
result does not depend on it, and it never changes the threads used by later calls.

Jones and Kappenman (1991) proposed complete cross-validation (CCV) for kernel density estima-
tion. The method estimates the integrated squared density derivative using 6,.(h) (Peter and Marron

1987). h{%).,, minimises:

COV(hsr) = R(f{7) = 0,(h) + 12 (K) 02 01 () + 5 (B13(K) — 8(K)) b By ()

with
R(f}

and

r R(K(”) (_1)r r r J— X
IR SR
é (h) _ (_1)T ZZK(QT)(Xj—Xi)
T n(n _ 1)h27‘+1 ey h

where R(K(") = [ K" (2)? dz, p2(K) = [ 22K (x)dz, §(K) = [2*K(x) dz.

The search is bounded by the over-smoothing bandwidth hos (Scott 1992, p.\,165; Wand and Jones

1995, p.\,61).

Value
An S4 object of cla

data the (cleaned)

kernel name of th

ss bandwidth with slots:

data vector.

e kernel used.

deriv.order derivative order r.

h selected bandwidth.
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min.obj minimum CCV value.
hos over-smoothing bandwidth (upper bound).
method "CCV".

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

References

Jones, M. C. and Kappenman, R. F. (1991). On a class of kernel density estimate bandwidth selec-
tors. Scandinavian Journal of Statistics, 19, 337-349.

Peter, H. and Marron, J. S. (1987). Estimation of integrated squared density derivatives. Statistics
and Probability Letters, 6, 109—115.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.

See Also

bandwidth, h.ucv, h.bcv, h.mcv, h.tcv, h.scv, h.amise, kernel.conv, kernel. fun.

Examples

X <= rnorm(100)

## density (r = 0)

bwd <- h.ccv(x, deriv.order = 0)
show(bw@)

plot(bw@)

## first derivative (r = 1)

bw1l <- h.ccv(x, deriv.order = 1)
show(bw1)

## other kernels on a Marron-Wand sample
h.ccv(trimodal, kernel = "logistic")

h.ccv(trimodal, kernel = "pow(2,3)")

h.mcv Modified Cross-Validation for Bandwidth Selection

Description

Computes the modified cross-validation bandwidth selector of the r’th derivative of a kernel density
estimator (one-dimensional). Returns an S4 object of class bandwidth.

Usage

h.mcv(x, deriv.order = 0L, kernel
lower, upper, tol, nthreads

"gaussian”,
oL)



h.mcv

Arguments

X

deriv.order

kernel

lower, upper
tol

nthreads

Details

15

numeric vector of data values.

non-negative integer: derivative order . MCV uses K ("t1) so the maximum
r is: any for Gaussian and Silverman; cosine 0; logistic 8; Epanechnikov 0;
biweight 1; triweight 2; tricube 2; pow(s,t) min(r* — 1,6) (see h.ucv for
r*); not available for uniform and triangular. Above it h = NA is returned with a
warning. See kedd-package, section ‘Maximum derivative order’.

character string giving the kernel; one of "gaussian” (default), "epanechnikov”,
"uniform”, "triangular”, "biweight"”, "triweight", "tricube”, "cosine”,
"silverman”, "logistic”, or a power kernel "pow(s,t)" (see kernel.pow).

bounds of the search interval. Defaults to [0.01 * hos, 2 * hos].

convergence tolerance for optimize. Default .01 * lower (after validation of
lower).

number of OpenMP threads for this call: @ (default) = all processors, k >0 =
k threads, both capped by the environment variable OMP_THREAD_LIMIT. The
result does not depend on it, and it never changes the threads used by later calls.

Stute (1992) proposed modified cross-validation (MCV), a modification of unbiased cross-validation
that approximates the problematic term via the Hajek projection. }ALSC{)CV minimises:

where

REKO) 1y (XX,
MCV (h;r) = oharil T n(n — 1)h2r+1 ZZ"O( : JT

i jF£e

oM () = (Km F K0 — 2 _ p2(K) K(2T+2))(c)

and K % K() is the convolution of the r’th kernel derivative (see kernel.conv, kernel. fun),
R(KM) = [ K" (2)?da, pa(K) = [ 22K (x) dz.

The search is bounded by the over-smoothing bandwidth hos (Scott 1992, p.\,165; Wand and Jones

1995, p\,61).

Value

An S4 object of class bandwidth with slots:

data the (cleaned) data vector.

kernel name of the kernel used.

deriv.order derivative order r.

h selected bandwidth.

min.obj minimum MCV value.

hos over-smoothing bandwidth (upper bound).

method "MCV".
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Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

References

Heidenreich, N. B., Schindler, A. and Sperlich, S. (2013). Bandwidth selection for kernel density
estimation: a review of fully automatic selectors. Advances in Statistical Analysis.

Stute, W. (1992). Modified cross validation in density estimation. Journal of Statistical Planning
and Inference, 30, 293-305.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.

See Also

bandwidth, h.ucv, h.bcv, h.ccv, h.tcv, h.scv, h.amise, kernel.conv, kernel. fun.

Examples

X <= rnorm(100)

## density (r = @)

bwd <- h.mcv(x, deriv.order = @)

show (bw@)

plot(bwo)

## first derivative (r = 1)

bwl <- h.mcv(x, deriv.order = 1)
show(bw1)

## other kernels on a Marron-Wand sample
h.mcv(claw, kernel = "logistic")

h.mcv(claw, kernel = kernel.pow(2, 2))

h.mlcv Maximum-Likelihood Cross-Validation for Bandwidth Selection

Description

Computes the maximum-likelihood (Kullback-Leibler) cross-validation bandwidth selector for a
kernel density estimator (density estimation only, deriv.order = @). Returns an S4 object of class
bandwidth.

Usage

h.mlcv(x, kernel = "gaussian"”, lower, upper, tol, nthreads = 0L)
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Arguments
X numeric vector of data values.
kernel character string giving the kernel; one of "gaussian” (default), "epanechnikov”,
"uniform”, "triangular”, "biweight"”, "triweight", "tricube”, "cosine”,
"silverman”, "logistic”, or a power kernel "pow(s,t)" (see kernel.pow).
lower, upper bounds of the search interval. Defaults to [0.01 % hos, 2 * hos].
tol convergence tolerance for optimize. Default .01 * lower.
nthreads number of OpenMP threads for this call: @ (default) = all processors, k >0 =
k threads, both capped by the environment variable OMP_THREAD_LIMIT. The
result does not depend on it, and it never changes the threads used by later calls.
Details

Habbema, Hermans, and Van den Broek (1974) and Duin (1976) proposed maximising the leave-
one-out log-likelihood:

MLCV (k) =n"" ilog {fh,i(Xi)}
=1

where the leave-one-out estimator is
A 1 X, —X;
(X)) = — Y K (S

Equivalently,

X, — X;
— -1 J i
iy = arg max ( n g log éﬁ_ K(h ) —log[(n — 1)h)
[ VE)

Only applicable to density estimation (r = 0).

Value

An S4 object of class bandwidth with slots:

data the (cleaned) data vector.

kernel name of the kernel used.

deriv.order 0L (density only).

h selected bandwidth.

min.obj negative of the maximum MLCV value.
hos over-smoothing bandwidth (upper bound).
method "MLCV".

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>
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References

Duin, R. P. W. (1976). On the choice of smoothing parameters of Parzen estimators of probability
density functions. IEEE Transactions on Computers, C-25, 1175-1179.

Habbema, J. D. F., Hermans, J. and Van den Broek, K. (1974). A stepwise discrimination anal-
ysis program using density estimation. Compstat 1974: Proceedings in Computational Statistics.
Physica Verlag, Vienna.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.

See Also

bandwidth, h.ucv, h.amise, h.scv, dkde.

Examples

x <= rnorm(100)

bw <- h.mlcv(x)

show(bw)

plot(bw)

bw2 <- h.mlcv(x, kernel = "epanechnikov")
show(bw2)

## other kernels on a Marron-Wand sample
h.mlcv(outlier, kernel = "logistic")

h.mlcv(outlier, kernel = "pow(2,2)")

h.scv Smoothed Cross-Validation for Bandwidth Selection

Description

Selects the bandwidth of the r’th derivative kernel density estimator by minimising the smoothed
cross-validation (SCV) criterion of Hall, Marron and Park (1992). Returns an S4 object of class
bandwidth.

Usage
h.scv(x, g = NULL, deriv.order = 0L, kernel = "gaussian”,
lower, upper, tol, nthreads = 0L)
Arguments
X numeric vector of data values.
g pilot bandwidth (positive number). If NULL (default), g = & 0.9266 n~2/13 (Hall
etal. 1992, eq. 4.2).
deriv.order non-negative integer: derivative order r; no upper limit (Gaussian kernel). See

kedd-package, section ‘Maximum derivative order’.
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kernel

lower, upper
tol

nthreads

Details

19

must be "gaussian”, the only kernel for which the SCV criterion is available in
closed form.

bounds of the search interval. Defaults to [0.01 * hos, 2 * hos].

convergence tolerance for optimize. Default @.01 * lower (after validation of
lower).

number of OpenMP threads for this call: @ (default) = all processors, k >0 =
k threads, both capped by the environment variable OMP_THREAD_LIMIT. The
result does not depend on it, and it never changes the threads used by later calls.

With a Gaussian kernel and a Gaussian pilot estimate fg, the integrated squared bias of f}(:) is
estimated in closed form by derivatives of normal densities:

SCV (h;r) =

R(K™M)  (=1)"2
nh?+t  n(n—1)

> [0 = 2620+ 62] (x; - x0),

1<j

where 51 = 1/2(h2 + g2), so = Vh2 +2¢2, s3 = V/2g and ¢gk)(u) = oM (u/s)/s*H1. It
follows from [[((Kp, — &) * f)™)? = (=1)" [((Kn — 6) * fy) (K — 8) * ). Forr = 0 it
is the criterion of Hall, Marron and Park (1992).

The default pilot bandwidth is the density pilot of Hall et al.; for derivatives a pilot can be supplied

through g.

Value

An S4 object of class bandwidth with method = "SCV".

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

References

Hall, P., Marron, J. S. and Park, B. U. (1992). Smoothed cross-validation. Probability Theory and
Related Fields, 92, 1-20.

See Also

h.ucv, h.bcv, bandwidth.

Examples

X <= rnorm(200)
bw <- h.scv(x)

show(bw)
plot(bw)

## first derivative (r = 1)
bwl <- h.scv(x, deriv.order = 1)
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plot(dkde(data = x, h = bwl@h, deriv.order = 1))

## on a Marron-Wand sample (SCV is defined for the Gaussian kernel)
h.scv(bimodal)

h.scv(bimodal, deriv.order = 2)

h.tcv Trimmed Cross-Validation for Bandwidth Selection

Description

Computes the trimmed cross-validation bandwidth selector of the r’th derivative of a kernel density
estimator (one-dimensional). Returns an S4 object of class bandwidth.

Usage
h.tcv(x, deriv.order = 0L, kernel = "gaussian”,
lower, upper, tol, nthreads = QL)
Arguments
X numeric vector of data values.
deriv.order non-negative integer: derivative order . Maximum 7 for this selector: any
for Gaussian and Silverman; cosine 1; logistic 8; Epanechnikov 1; uniform 0;
triangular 0; biweight 2; triweight 3; tricube 3; pow(s, t) min(r*, 6), where r*
is the largest integer r < t + 1/2 (and r < s 4+ 1/2 if s is not an even integer,
and 2r < st if s and t are integers). Above it h = NA is returned with a warning.
See kedd-package, section ‘Maximum derivative order’.
kernel character string giving the kernel; one of "gaussian” (default), "epanechnikov”,
"uniform”, "triangular”, "biweight"”, "triweight"”, "tricube”, "cosine”,
"silverman”, "logistic”, or a power kernel "pow(s,t)" (see kernel.pow).
lower, upper bounds of the search interval. Defaults to [@.01 * hos, 2 * hos].
tol convergence tolerance for optimize. Default @.01 * lower (after validation of
lower).
nthreads number of OpenMP threads for this call: @ (default) = all processors, k >0 =
k threads, both capped by the environment variable OMP_THREAD_LIMIT. The
result does not depend on it, and it never changes the threads used by later calls.
Details

Feluch and Koronacki (1992) proposed trimmed cross-validation (TCV), a modification of unbiased
cross-validation that trims small pairwise distances. E(T%v minimises:

RK®) (-1 (X=X,
TOV(hir) = nhZre n(n — 1)h2r+1 ZZLP( G h )
i A
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where
o (e) = (K(T) « K1) — 2K(2T)X(|c| > cn/h2r+1)>(c)
with ¢,, = 1/n (ensuring convergence), x(.) the indicator function, and K(") x K (") the convolution

of the r’th kernel derivative (see kernel.conv, kernel. fun).

The search is bounded by the over-smoothing bandwidth hos (Scott 1992, p.\,165; Wand and Jones
1995, p.\,61).

Value
An S4 object of class bandwidth with slots:

data the (cleaned) data vector.

kernel name of the kernel used.
deriv.order derivative order r.

h selected bandwidth.

min.obj minimum TCV value.

hos over-smoothing bandwidth (upper bound).
method "TCV".

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

References

Feluch, W. and Koronacki, J. (1992). A note on modified cross-validation in density estimation.
Computational Statistics and Data Analysis, 13, 143-151.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.

See Also

bandwidth, h.ucv, h.bcv, h.ccv, h.mcv, h.amise, h.scv, kernel.conv, kernel. fun.

Examples

X <= rnorm(100)

## density (r = 0)

bw@ <- h.tcv(x, deriv.order = @)
show(bw®)

plot(bwo)

## first derivative (r = 1)

bwl <- h.tcv(x, deriv.order = 1)

show(bw1)

## other kernels on a Marron-Wand sample
h.tcv(kurtotic, kernel = "logistic")
h.tcv(kurtotic, kernel = "pow(2,3)")
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h.ucv Unbiased (Least-Squares) Cross-Validation for Bandwidth Selection

Description

Computes the unbiased (least-squares) cross-validation bandwidth selector of the r’th derivative of
a kernel density estimator (one-dimensional). Returns an S4 object of class bandwidth.

Usage
h.ucv(x, deriv.order = 0L, kernel = "gaussian”,
lower, upper, tol, nthreads = 0L)
Arguments
X numeric vector of data values.
deriv.order non-negative integer: derivative order . Maximum 7 for this selector: any
for Gaussian and Silverman; cosine 1; logistic 8; Epanechnikov 1; uniform O;
triangular 0; biweight 2; triweight 3; tricube 3; pow(s, t) min(r*, 6), where r*
is the largest integer < t + 1/2 (and r < s + 1/2 if s is not an even integer,
and 2r < st if s and ¢ are integers). Above it h = NA is returned with a warning.
See kedd-package, section ‘Maximum derivative order’.
kernel character string giving the kernel; one of "gaussian” (default), "epanechnikov”,
"uniform”, "triangular”, "biweight”, "triweight"”, "tricube”, "cosine”,
"silverman”, "logistic”, or a power kernel "pow(s,t)" (see kernel.pow).
lower, upper bounds of the search interval. Defaults to [0.01 * hos, 2 * hos] where hos is
the over-smoothing bandwidth computed internally.
tol convergence tolerance passed to optimize. Default .01 x lower (after valida-
tion of lower).
nthreads number of OpenMP threads for this call: @ (default) = all processors, k >0 =
k threads, both capped by the environment variable OMP_THREAD_LIMIT. The
result does not depend on it, and it never changes the threads used by later calls.
Details

Rudemo (1982) and Bowman (1984) proposed unbiased (least-squares) cross-validation (UCV)
for kernel density estimation. Hérdle, Marron and Wand (1990) extended the criterion to the r’th

derivative estimator. The bandwidth Eg)cv minimises:

R (K(T’)) (_1)7' - r T r X —Xi
UCV(hir) = 2Tl +n(n,1)h2r+1 ZZ(K()*K()_2K(2 ))( jh )
i=1 joti

where K (") + K(")(z) is the convolution of the r’th derivative of the kernel (see kernel.conv,
kernel.fun),and R(K™) = [ K" (z)? dz.
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UCV is unbiased in the sense that E[UCV (h;r)] = MISE[f,(LT)} — R(f™) (Scott and Terrell
1987).

The search is bounded by the over-smoothing bandwidth hos (Terrell and Scott 1985; Scott 1992,
p-\,165; Wand and Jones 1995, p.\,61).

Value
An S4 object of class bandwidth with slots:

data the (cleaned) data vector.

kernel name of the kernel used.
deriv.order derivative order r.

h selected bandwidth.

min.obj minimum UCV value.

hos over-smoothing bandwidth (upper bound).
method "UCV".

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

References

Bowman, A. (1984). An alternative method of cross-validation for the smoothing of kernel density
estimates. Biometrika, 71, 353-360.

Rudemo, M. (1982). Empirical choice of histograms and kernel density estimators. Scandinavian
Journal of Statistics, 9, 65-78.

Scott, D. W. and Terrell, G. R. (1987). Biased and unbiased cross-validation in density estimation.
Journal of the American Statistical Association, 82, 1131-1146.

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.
Hirdle, W., Marron, J. S. and Wand, M. P. (1990). Bandwidth choice for density derivatives. Jour-

nal of the Royal Statistical Society, Series B, 223-232.
See Also

bandwidth, h.bcv, h.ccv, h.mcv, h.tcv, h.scv, h.amise, kernel.conv, kernel. fun, dkde.

Examples

X <= rnorm(100)

## density (r = 0)

bwd <- h.ucv(x, deriv.order = 0)
show(bw@)

plot(bwo)
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## first derivative (r = 1)
bwl <- h.ucv(x, deriv.order = 1)

show(bw1)
## other kernels on a Marron-Wand sample
h.ucv(claw, kernel = "logistic")

h.ucv(claw, kernel = "pow(2,3)")

kedd-classes Classes "dkde", "kfun" and "kconv"

Description

S4 classes returned by dkde (kernel density derivative estimate), kernel. fun (kernel derivative
K(T)) and kernel . conv (convolution K™ « K(T)).

Slots

Common to the three classes:

x: "numeric”, evaluation points.

y: "numeric”, values at x.

kernel: "character”, kernel name.
deriv.order: "integer"”, derivative order r.

call: "call”, the matched call.
Class "dkde" has in addition:

h: "numeric”, bandwidth used.
n: "integer”, sample size.

data: "numeric”, the (cleaned) observations.

Methods

show(object) prints a short summary.

plot(x, type="1", zero.line, main.title, x.title, y.title, colors, title.size, title.face, axis.size, t
draws the curve with ggplot2, prints it and returns the ggplot object invisibly. type is "1",
"p" or "0"; zero.line (default TRUE when r > 0) adds a dashed horizontal line at 0. For
"dkde" objects, rug and band (default TRUE) add the observations and a & one standard-error

band.

x$name Compatibility with kedd 1.x, where these functions returned lists: $kx is the slot y of
"kfun"” and "kconv"” objects, and $eval.points, $est.fx are the slots x, y of "dkde" ob-
jects; the slot names can also be used. Unknown names give NULL.

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>
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See Also

dkde, kernel. fun, kernel. conv, bandwidth.

Examples

kf <- kernel.fun(kernel = "logistic"”, deriv.order = 1L)
kf
p <- plot(kf, type = "0")

kc <- kernel.conv(kernel = "biweight")
plot(kc)

d <- dkde(data = rnorm(100), h = 0.4)
plot(d, band = FALSE)

kedd-data Samples from Marron and Wand (1992) Normal Mixture Densities

Description

Five samples of size 200 drawn from normal mixtures of Marron and Wand (1992), classical test
cases for density (derivative) estimation and bandwidth selection. Writing N (u, o) for a normal
density:

kurtotic kurtotic unimodal density (#4): 2N (0,1) + £ N (0, (1/10)?).

outlier outlier density (#5): 15N (0,1) + 5N (0, (1/10)?).
bimodal separated bimodal density (#7): N (—2, (%)) + 1N (2,(3)?).
trimodal trimodal density (#9): 55 N(—2,(2)2) + 2N (£, (2)?) + L5 N(0, (3)?).
claw claw density (#10): 2N (0,1) + 31, LN(E-1,(5)%).

[\CI[9N}

Usage

bimodal
claw
kurtotic
outlier
trimodal

Format

Each object is a numeric vector of length 200.

Details

The datasets are loaded lazily: claw is available as soon as the package is attached (data(claw)

also works). The true densities are known, so the estimates f}(f) and the selected bandwidths can be
compared with the truth.
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Source

Simulated samples, as in previous versions of kedd.

References

Marron, J. S. and Wand, M. P. (1992). Exact mean integrated squared error. The Annals of Statistics,
20, 712-736.

See Also

dkde, h.ucv, kedd-package.

Examples

## the five samples
sapply(list(kurtotic = kurtotic, outlier = outlier, bimodal = bimodal,
trimodal = trimodal, claw = claw), summary)

## claw density: estimate with an MCV bandwidth and the true density
bw <- h.mcv(claw)
f_claw <- function(x) 0.5 * dnorm(x) +
rowSums (sapply(0:4, function(l) @.1 * dnorm(x, 1 / 2 - 1, 0.1)))
p <- plot(dkde(data = claw, h = bweh))
p + ggplot2::stat_function(fun = f_claw, linetype = "dashed")

## first derivative of the bimodal sample
plot(dkde(data = bimodal, h = h.ucv(bimodal, deriv.order = 1)@h, deriv.order = 1))

kernel.conv Evaluate kernel convolution K™ (r) * K" (r)

Description

Evaluates the self-convolution (K (") % K("))(z) of the r-th derivative of the kernel K. Returns an
S4 object of class kconv.

Usage
kernel.conv(x = NULL, deriv.order = OL, kernel = "gaussian”, n.grid = 512L)
Arguments
X numeric vector of evaluation points; if NULL a grid of n.grid points over [—8, 8]
(Gaussian, Silverman, logistic) or [—2.1, 2.1] (compact-support kernels) is used.
deriv.order derivative order > 0 (integer). Maximum r with a non-zero convolution: any

for Gaussian, cosine and Silverman; logistic 20; Epanechnikov 2; uniform 0;
triangular 1; biweight 4; triweight 6; tricube 9; pow(s, t) min(st,16) (16 if s
or t is not an integer). See kedd-package, section ‘Maximum derivative order’.
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kernel character string giving the kernel; one of "gaussian” (default), "epanechnikov”,

non non non non

"uniform”, "triangular”, "biweight"”, "triweight"”, "tricube”, "cosine”,
"silverman”, "logistic”, or a power kernel "pow(s,t)" (see kernel.pow).

n.grid number of grid points when x is NULL (default 512).

Details

Closed forms are used for the Gaussian, Silverman and finite-support named kernels. The logistic
convolution has no closed form and is computed by composite Gauss-Legendre quadrature centred
at /2. For "pow(s,t)" kernels the convolution is computed once per (s, t,r) by quadrature on
[0, 2] (split where the integrand is not smooth) and then interpolated. At 2z = 0, (K" % K ())(0) =
(—=1)"R(K ™).

Value

An S4 object of class kconv with slots:

X numeric evaluation grid.

y (K™ s K()(z) values.
kernel kernel name.
deriv.order derivative order 7.

call the matched call.

Use show() for a summary and plot() for a ggplot2 graphic.

See Also

kernel.fun, kernel.pow, kconv

Examples

kc <- kernel.conv(kernel = "gaussian”, deriv.order = QL)
show(kc)
plot(kc)

kc2 <- kernel.conv(kernel = "epanechnikov"”, deriv.order = 1L)
plot(kc2)

## logistic (any r) and Pow(s,t)
plot(kernel.conv(kernel = "logistic"”, deriv.order = 1L))
plot(kernel.conv(kernel = kernel.pow(2, 3)))
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kernel.fun Evaluate Kernel Function and Its Derivatives

Description

Evaluates the r-th derivative K (") (z) of a kernel function K and returns an S4 object of class kfun.

Usage
kernel.fun(x = NULL, deriv.order = @L, kernel = "gaussian”, n.grid = 512L)

Arguments
X numeric vector of evaluation points. If NULL (default), a uniform grid of n.grid
points over [—8, 8] (Gaussian, Silverman, logistic) or [—1.1, 1.1] (compact-support
kernels) is used.
deriv.order non-negative integer: derivative order 7 > 0. Maximum 7 with K (") = 0: any
for Gaussian, cosine and Silverman; logistic 20; Epanechnikov 2; uniform 0;
triangular 1; biweight 4; triweight 6; tricube 9; pow(s, t) min(st,16) (16 if s
or t is not an integer). Above it, zero is returned (with a warning for logistic and
pow). See kedd-package, section ‘Maximum derivative order’.
kernel character string giving the kernel; one of "gaussian” (default), "epanechnikov”,
"uniform”, "triangular”, "biweight"”, "triweight", "tricube”, "cosine",
"silverman”, "logistic"”, or a power kernel "pow(s,t)" (see kernel.pow).
n.grid number of grid points when x is NULL (default 512).
Details

The supported kernels at order r» = 0:
* Gaussian: K () = \%e‘ﬁ/z, support (—00, +00).
+ Epanechnikov: K (z) = %(1 — %) 1, <1
¢ Uniform: K (z) =
* Triangular: K (z) = ( - Ix|)1|z\31-
* Biweight: K(x) = 6(1 —2?2)?1 <1
« Triweight: K (z) = 35(1 — 22)31 <1

)
1,

L\J\)—A

—

* Tricube: K (2) = 22(1 — [z[*)315/<1.

¢ Cosine: K(z) = Zcos( 2) 1jp<1-

« Silverman: K (z) = e~ l2l/v2 sm(‘\xf‘ + ) support (—00, +00).
* Logistic: K (z) = ﬁ = dsech?(z/2), support (—o0, +00).

* Pow(s,t): K(x) = csi(1 — |2]°)"1j3<1. 5,0 = 5/(2B(1/s,t + 1)), given as "pow(s,t)"
(see kernel.pow).
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Derivatives are computed analytically via Hermite polynomials (Gaussian, Silverman), Guidoum
polynomials (finite-support kernels), the identity K(") = o(1 — 0)Q,41(c) with o(z) = 1/(1 +
e~ *) (logistic, r < 20) and exact power expansions (Pow, r < 16).

Value
An S4 object of class kfun with slots:
X numeric evaluation grid.
y K)(z) values.
kernel kernel name.

deriv.order derivative order r.

call the matched call.

Use show() for a text summary and plot() for a ggplot2 graphic.

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

References

Wand, M. P. and Jones, M. C. (1995). Kernel Smoothing. Chapman and Hall, London.

Silverman, B. W. (1986). Density Estimation for Statistics and Data Analysis. Chapman & Hall/CRC,
London.

See Also

kernel.conv, kfun, dkde, h.ucv.

Examples

## Gaussian kernel (r = @)

kf <- kernel.fun(kernel = "gaussian"”, deriv.order = QL)
show(kf)

plot (kf)

## First derivative of Epanechnikov kernel
kf2 <- kernel.fun(kernel = "epanechnikov”, deriv.order = 1L)
plot(kf2)

## Evaluate at specific points
kf3 <- kernel.fun(x = seq(-2, 2, by = 0.1),
kernel = "biweight”, deriv.order = 2L)

## Logistic and Pow(s,t) kernels
plot(kernel.fun(kernel = "logistic”, deriv.order = 2L))
plot(kernel.fun(kernel = kernel.pow(1.5, 2.5)))
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kernel.pow Power Kernel Family Pow(s,t)

Description

Us

Builds the name of a kernel of the power family

s S
Koi(z) = cop (1= [2]°) 1jz1<1, Cst = B /s t+ 1)

which can be passed as kernel to every function of the package (bandwidth selectors, dkde,
kernel. fun, kernel.conv).

age

kernel.pow(s = 2, t = 2)

Arguments
s single positive number: shape exponent s > 0.
t single non-negative number: power ¢t > 0.
Details

The kernel can equally be given directly as the string "pow(s,t)"”, e.g. kernel = "pow(2,3)";
"pow"” alone means "pow(2,2)". The family contains several classical kernels:

"pow(s,0)"  uniform
"pow(1,1)" triangular
"pow(2,1)" Epanechnikov
"pow(2,2)" biweight
"pow(2,3)" triweight
"pow(3,3)" tricube

The constants used by the bandwidth selectors are exact: u(K) = B((k+1)/s, t+1)/B(1/s, t+
1) foreven kand R(K) = s B(1/s, 2t+1)/(2 B(1/s, t+1)?). For z > 0, K(") () is a finite sum
of terms a 2P(1 — x°)?: an exact binomial expansion when ¢ is an integer (¢ < 10), a recurrence
otherwise; derivatives are available up to order 16.

R(K () is finite only when 2r < 2t + 1 and, for a non-integer s, 2r < 2s + 1 (otherwise K (")
is not square integrable at |x| = 1 or at 0). Bandwidth selectors return NA with a warning for such
derivative orders, as for the other finite-support kernels.

Maximum derivative order. K (") # 0 up to » = min(st,16) when s and ¢ are integers (16
otherwise) in kernel. fun, kernel.conv and dkde. With 7* the largest integer r < ¢t + 1/2 (with
2r < st forinteger s and ¢, and r < s+ 1/2 unless s is an even integer), the maximum is min(r*, 6)
forh.ucv, h.bcv, h.tcv and h.amise, min(r* — 1, 6) for h.mcv and min(r* — 2, 6) for h. ccv. For
example pow(2,3): 6, 3,2, 1; pow(2,8): 16, 6, 6, 6; pow(1.5,2.5): 16, 1, 0, not available.
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Value

A character string "pow(s,t)".

Author(s)

Arsalane Chouaib Guidoum <acguidoum@univ-tam.dz>

See Also

kernel.fun, kernel.conv, h.ucv, dkde.

Examples
kernel.pow(2, 3) # "pow(2,3)"
X <= rnorm(200)

h.ucv(x, kernel = kernel.pow(2, 2)) # same bandwidth as kernel = "biweight”
h.ucv(x, kernel = "pow(1.5,2.5)")

plot(kernel.fun(kernel = kernel.pow(1.5, 2.5), deriv.order = 1L))
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+ bandwidth selection
h.amise, 8

.bev, 10

.cev, 12

.mcv, 14

.mlcv, 16

.tev, 20
h.ucv, 22

* classes
bandwidth-class, 4
kedd-classes, 24

+ datasets
kedd-data, 25

* density derivative
dkde, 6

x kernel
kernel.fun, 28
kernel.pow, 30

* nonparametric
bandwidth-class, 4
dkde, 6

.amise, 8

.becv, 10

.cev, 12

.mcv, 14

.mlcv, 16

.scv, 18

.tev, 20

.ucv, 22
kernel. fun, 28
kernel.pow, 30

+ package
kedd-package, 2

* smooth
bandwidth-class, 4
dkde, 6
h.amise, 8
h.bcv, 10
h.ccv, 12
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.mev, 14
.mlcv, 16
.scv, 18
.tev, 20

h.ucv, 22
$,bandwidth-method (bandwidth-class), 4
$,dkde-method (kedd-classes), 24
$,kconv-method (kedd-classes), 24
$,kfun-method (kedd-classes), 24

> O o o

bandwidth, 3, 4, 8~23, 25
bandwidth-class, 4
bimodal (kedd-data), 25

claw (kedd-data), 25
Cpp_omp_threads, 3

density, 7
dkde, 3-5,6, 7,9, 12, 18, 23-26, 29-31
dkde-class (kedd-classes), 24

.amise, 3-5,7,8,12, 14, 16, 18, 21, 23, 30
.bev, 3-5,7,9,10, 14, 16, 19, 21, 23, 30
.cev, 3-5,9,12, 12, 16, 21, 23, 30

.mcv, 3-5,9, 12,14, 14, 21, 23, 30
.mlcv, 3-5, 9, 16

.scv, 3-5,9,12, 14, 16, 18, 18, 21, 23

.tev, 3-5,9, 12, 14, 16, 20, 23, 30

.ucv, 3-7,9,12-16, 18, 19, 21,22, 26, 29-31
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kconv, 27

kconv-class (kedd-classes), 24

kedd (kedd-package), 2

kedd-classes, 24

kedd-data, 25

kedd-package, 2

kernel.conv, 3,4, 11, 12, 14-16, 21-25, 26,
29-31

kernel.fun, 3,4,6,7,11, 12, 14-16, 21-25,
27,28, 30, 31



INDEX

kernel.pow, 3, 4,6,8, 10, 13, 15,17, 20, 22,
27, 28, 30

kfun, 28, 29

kfun-class (kedd-classes), 24

kurtotic (kedd-data), 25

lines,bandwidth-method
(bandwidth-class), 4

optimize, 10, 13,15, 17, 19, 20, 22
outlier (kedd-data), 25

plot,bandwidth-method
(bandwidth-class), 4
plot,dkde-method (kedd-classes), 24
plot,kconv-method (kedd-classes), 24
plot,kfun-method (kedd-classes), 24

show, bandwidth-method
(bandwidth-class), 4

show, dkde-method (kedd-classes), 24

show, kconv-method (kedd-classes), 24

show, kfun-method (kedd-classes), 24

trimodal (kedd-data), 25
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